Detector alignment is an essential step in the track reconstruction and analysis process. Alignment with tracks is the only possible strategy to estimate positions and orientations of components of a track detector with sufficiently high precision. We present a method for the estimation of alignment constants during track reconstruction in parallel with the estimation of the usual track parameters. The formalism is an extension of the standard Kalman filter and uses annealing in order to avoid suboptimal solutions. The algorithm has been implemented in the object-oriented reconstruction software of the CMS experiment and tested with a simulated test-beam-like setup of silicon detectors. We report results on the speed of convergence and the precision which can be achieved.
Introduction
Alignment of tracking detectors is an essential step in the task of track reconstruction. Without proper alignment it is impossible to reach the ultimate position and momentum resolution. Besides finding the alignment of the tracking detectors it is also important to constantly monitor the alignment and update the alignment constants whenever required.
In the CMS tracker [1] , this task is particularly challenging because of the large number of independent silicon sensors, about 20 000, and their high resolution, between 10 and 40 µm. To exploit the full resolution of the tracker, the sensors must be aligned to a precision significantly better than their intrinsic resolution. This precision can only be achieved in an alignment procedure based on tracks of charged particles, since the expected precision from the mechanical mounting and laser beam alignment [2] is significantly worse than the intrinsic sensor resolutions. However, these measurements are fundamental prerequisites to the alignment with tracks.
The large number of alignment parameters implies that a very large number of tracks is needed to align the CMS tracker. Even at nominal LHC luminosity and the expected trigger rate of the order of 10 Hz for high p T muons, the time to accumulate the necessary statistics is of the order of a week. It is therefore important to make efficient use of the track information in the alignment algorithm.
In this note we present a unified framework for the simultaneous unbiased estimation of the alignment parameters of several detectors, which uses the track information to its full extent. The method is a straightforward extension of the standard Kalman filter [3] . Basically, the Kalman filter is just a recursive method of least-squares estimation. In the context of track fitting, it estimates track parameters along the track by alternating between prediction steps and updating steps [4] . In the prediction step, the current track parameters in a detector element are extrapolated to the next detector element. In the updating step, the extrapolated track parameters are combined with the local measurements according to the least-squares principle. The Kalman filter can be used for fitting a previously found track candidate, or it can be used as a combined track finder and fitter [5] . As the information is accumulated in the course of the filter, only the last set of estimated track parameters contains the full information from all measurements. The full information can be passed back to all estimates to further improve the track parameters. This strategy is called the smoother algorithm. Alternatively, the smoother can be realized by combining two filters running in opposite directions (forward and backward filter).
In the context of detector alignment, the Kalman filter is used on two levels: on the level of the track reconstruction it is used for computing optimal predictions of the track position in the detectors to be aligned; on the level of the alignment it is used for updating the current alignment parameters after each track, by using the predicted and the measured track positions in an optimal way. The learning of the alignment parameters of all detector elements thus proceeds in parallel to the reconstruction of the tracks, with a gain of information after each track.
Since in an alignment problem the dimension of the parameter space can be large, the occasional convergence to local minima cannot be excluded. We shall present below empirical evidence that this actually occurs. We solve this problem by introducing annealing, i.e. by gradually stepping up the weights of the observations in the course of the estimation process. The resulting algorithm closely resembles the deterministic annealing filter invented for robust track reconstruction in the presence of noise and ambiguities [6] .
For the sake of simplicity we have studied the proposed alignment procedure using a simple track and detector model, neglecting material effects and pattern recognition issues. It should be stressed, however, that this method is completely general and can be applied in conjunction with any kind of track and detector model.
The formalism
The problem of aligning a track detector can be stated in the following generic way. The observation m recorded by a detector element depends both on the vector of track parameters (track state) p of the particle crossing the detector and on the vector of alignment parameters (alignment state) a. The alignment state may contain both shifts and rotations. The dependence can be expressed by a generalized measurement equation:
where is the vector of measurement errors. The covariance matrix V of is assumed to be known. Note that the track parameters p differ for each track, whereas the alignment parameters a of a detector element are common to all tracks.
The function f may be linear or non-linear in either argument. In the presence of rotations in the alignment state, f is bound to be non-linear in a. In the linear approximation the measurement equation can be written as
where H and D are the respective Jacobians:
and c is equal to
We now assume that there is a predicted track state p 0 along with its covariance matrix C 0 , as well as a predicted alignment state a 0 along with its covariance matrix E 0 . The recipe for updating both the track state and the alignment state can be derived in a manner which is analogous to the derivation of the standard Kalman filter. The resulting update formulae are
for the alignment state plus covariance matrix, and
for the track state plus covariance matrix. The following auxiliary matrix needs to be computed:
Note that the update formulae for the track and alignment parameters decouple into two separate ones. We will refer to this again in section 4. In a similar way it is also possible to decouple the estimation of shift and rotation parameters, although this is tantamount to neglecting eventual correlations between the two (see the appendix). Information about a is accumulated continually, increasing after each track. In addition, at each step in the alignment procedure the full covariance matrix E of a is known, which can be used as a criterion for stopping the alignment procedure. The convergence of a clearly depends on the precision of its starting value. It can be taken from mechanical measurements, from laser beam alignment or from a previous alignment with tracks.
Smoothing is done in the usual way, by running two filters in opposite directions and combining the results on each detector surface. Both in the forward filter and in the backward filter the alignment states are not updated, but knowledge of the current alignment state is used for the update of the track state vector (see above). The alignment parameters are updated in the smoothing step, which combines the predictions from the forward filter and the backward filter with the measurements. This means that at each update of a both the full information about the track and the current alignment of all other detectors enter into the update.
The predicted alignment states contain the current knowledge of the alignment parameters, based on the tracks already processed. The predicted track states, on the other hand, are not only based on the observations from the current track but also depend on the current alignment. The strip detectors have 1000 strips each, with a pitch of 60 µm (=6 cm total width of the detector) and a strip length of 6 cm. The first pair at z = 0.9 cm/1 cm and the last pair at z = 16.9 cm/17 cm define the reference frame with respect to which the three inner pairs are misaligned in the simulation and then aligned in the reconstruction. The particle beam is generated at z = 0 and distributed uniformly over the surface.
As long as the alignment parameters are not known to sufficient precision the predicted track states are therefore biased, especially if several detectors are aligned simultaneously. As a consequence, it may happen that alignment parameters converge to a suboptimal solution (local minimum) of the alignment problem. This can be prevented by introducing annealing. This means that the observations in all detectors to be aligned are downweighted by a large factor in the beginning. This factor is then gradually decreased, until it reaches 1 after a prescribed number of tracks. Below we shall present empirical evidence that this annealing procedure solves entirely the problem of convergence to local minima.
Results of a simulation experiment
We have tested and verified the algorithm in a simulation experiment. The setup is a somewhat simplified model of a typical test beam configuration. For the details of the implementation in ORCA [7] , the object-oriented reconstruction software of CMS, the reader is referred to [8, 9] .
The detector model
We have used a layout with five consecutive pairs of x-y silicon strip detectors along the global z-(beam-) axis. Each detector has a pitch of 60 µm and a strip length of 6 cm. The 'reconstructed' hits are Gaussian smeared simulated hits with a standard deviation corresponding to the pitch of the detectors (pitch/ √ 12). The observation along the strip is always set to 0 in the local frame of the detector (centre of the strip); its standard deviation is set to the strip length divided by √ 12. The first pair and the last pair of detectors define the reference frame, by assuming that their true positions and orientations are known. The three intermediate pairs of detectors are misaligned (see figure 1 ). Therefore there are six detectors to be aligned.
Global and local frame
The global coordinate system or frame has been chosen such that the global z-axis points towards the direction of the beam (see figure 1 ). The definition of the local coordinate frame is shown in figure 2 . The origin of the local frame is set in the middle of the detector volume, at half-width, half-length and half-depth of the detector. The local z-axis is perpendicular to the detector surface, with the strips sitting on the positive z-side. The local x-and y-axes are both parallel to the detector surface, with local x being perpendicular to the strips, local y parallel to the strips. In the case of our simulation experiment, global and local z coincide.
Track simulation and track model
The beam is generated at z = 0 covering the full 6 cm × 6 cm area of sensitive detector volumes. Positively charged muons with a momentum of 100 GeV are simulated. The beam direction is defined by the two angles θ and φ, where
θ has been generated in the range 0 < θ < 0.014 in order to avoid tracks being perfectly parallel with z, and φ has been generated in the range 0 φ < 2π.
In the absence of a magnetic field the track model is very simple. We have used the following set of track parameters for a fixed z:
Track propagation from z = z 1 to z = z 2 is then described by a simple matrix:
The misalignment model
Misalignment is defined as the deviation of the true position and orientation of a given detector element from its assumed ideal position and orientation. Each transformation from the local detector coordinate system into the global one and vice versa introduces an error if the assumed ideal parameters are not the true ones. In our simulation experiment we introduce misalignment by moving and rotating the detector planes before shooting particles, and by restoring the assumed ideal (but now wrong) positions and rotations before starting to reconstruct tracks. While the local position of a hit in a detector element-which is essentially the strip number of the hit-does not change, its global position will now be wrong, because the transformation from the local to the global frame is wrong. The task of the alignment procedure is to estimate the relative offset and orientation with respect to the assumed position and orientation. Out of the six possible alignment parameters-three shifts and three rotations-we simulate and estimate two shifts and one rotation in the plane of the detector (twodimensional space), those three being the ones to which track reconstruction is most sensitive. Figure 3 illustrates the two shifts and the rotation. The transformation of a point m = (x, y) → m = (x , y ) from the global frame into the global misaligned frame is therefore
where
is the shift in x, y and R( φ) is a small rotation around z.
The following ranges for the shifts x and y and the rotation φ in the global frame have been chosen for the simulation: For each run of the simulation experiment a set of alignment parameters is randomly generated assuming a uniform distribution in the above ranges. It should be noted that instead of estimating ( x, y, φ) directly we have chosen a slightly different set of alignment parameters:
where we estimate the shift rotated by φ rather than the simulated global shift. In the following we refer to
as the global rotated shift. The reason for this choice will be explained after the derivation of the Jacobians.
The measurement model can then be formulated in the most general way:
where m is the observation (hit) in the local frame, p is the track state (p global in the global and p local in the local frame), s is the global rotated shift and is the measurement error in the local frame. We will use the last expression of our measurement equation for deriving the required Jacobians. With our choice of track parameters, the matrix P is a simple projection:
T is the transformation from the global to the 'ideal' local frame; in our case it is either the identity or a rotation by 90
• around the global z-axis. R is a small rotation around the z-axis in addition to the 'ideal' one:
The estimation procedure
For the estimation procedure we assume that the assignment of hits to tracks has already been done. Track fitting is performed by a Kalman filter plus smoother in order to get optimal predicted track states p 0 in all detectors. The current state a 0 of the alignment parameters in all detectors is used in the fit of the track. Note that the alignment parameters are estimated independently in all detectors. In order to keep the notation simple the index to the detector is dropped. Using the misalignment model described above, the derivative matrices H and D can be computed without difficulty in any particular detector:
where R is the derivative of the current rotation matrix:
and p 0 is the predicted track state in the local system. It can be seen that the third column of D depends on the rotation angle φ, thus making the equation non-linear in φ. By choosing the rotated global shifts x , y as alignment parameters, we avoid that also the other elements of D depend on φ. In order to simplify the notation the rotated global shifts will henceforth be denoted by x and y.
From this we compute the matrix W, using the current annealing factor α (k) which depends on the current track number k:
The update of the track state and the alignment state then proceeds as described in section 2. The annealing factor α (k) governs the weight of the observation in relation to the weight of the predicted track parameters p 0 and the current alignment parameters a 0 . The concept of annealing implies that α (k) is large in the beginning (k = 1), and then is gradually decreased until it reaches 1 after a prescribed number of tracks (k = n). The prescription according to which α (k) is modified after each track is called the annealing schedule. We have investigated three annealing schedules (see table 1 ). In schedule A, the annealing factor is always 1. This means that the observations are used with their full weight throughout, and we recover the standard Kalman filter. Schedule B is a Kalman filter which effectively uses only the predictions of the tracks from the reference detectors, the other observations being down-weighted by a large factor throughout. Finally, schedule C implements a proper annealing procedure with weights following a geometric series. In all cases the initial values of the alignment parameters have been taken to be zero with sufficiently large errors.
Sensitivity and convergence of alignment parameters
Not all alignment parameters can be reliably determined as not all the observations are equally affected by shifting and rotating the detector. The sensitivity of the alignment parameters with respect to the observations is given by the matrix E 0 D T W, as can be seen in equation (6) . The auxiliary matrix W given in equations (8) and (25) is dominated by the information content of the observations, as soon as the annealing factor α (k) is close to 1. Therefore in a detector measuring only x, a shift y in y cannot be estimated very reliably because the sensitivity is dominated by the information content of the y-measurement. In our case this information content is smaller by a factor of 1 million [square of (strip length/pitch)] than the information content of the x-measurement. It should be noted, however, that this effect is irrelevant in track reconstruction as long as the y-coordinate of the prediction is sufficiently precise so that the precision of the x-coordinate is not spoiled by the rotation correction.
The different sensitivities of the alignment parameters are clearly visible if their evolution is plotted as a function of the number of tracks. As an example, figure 4 shows the evolution of x, y and φ in an x-detector, for a run with 2000 tracks. The behaviour clearly depends on the annealing schedule. Convergence of x is satisfactory with all schedules, although with schedule B it is somewhat slower. Estimates of y are biased with all schedules. The differences between the three schedules can be seen most clearly in the convergence of φ. Schedule A, using the full information from the beginning, converges very quickly, but is off by about 0.2 mrad. Actually, it seems to converge to a suboptimal solution. Schedule B, using only information from the reference detectors, converges much more slowly and still is off by 0.4 mrad after 2000 tracks. Schedule C with proper annealing is clearly the best, being off by less than 20 µrad after 2000 tracks in this particular run. total number of 4 million tracks have been generated and reconstructed per annealing schedule. The resulting histograms of residuals for schedule C are shown in figure 5 . Figure 6 shows the standard deviations of the residuals (estimated alignment parameters minus true ones) for all annealing schedules. The shifts are shown only for the precise coordinates ( x in x-detectors, y in y-detectors). Schedule A suffers from occasional convergence to local minima, whereas schedule B only uses information from the reference Residual histograms of the three alignment parameters for an x-detector and for annealing schedule C. As one can see, the shift along the unprecise coordinate y cannot be estimated reliably. detectors. Schedule C (annealing) gives the best results in all cases. With runs of 2000 tracks each, the standard error of the shifts is 0.6 µm, and the standard error of the rotation angles is below 50 µrad.
Precision of the estimated alignment parameters
Finally, we have checked whether the computed errors on the alignment parameters correspond to the actual spread around the true values. The resulting histograms of standardized residuals (pulls) for schedule C are shown in figure 7 . Figure 8 shows the standard deviations of the pulls for all annealing schedules. With schedule C, the standard deviations are indeed fairly close to 1, whereas they are far too large with schedule A and far too small with schedule B. The mean values are compatible with 0 in all cases.
Track reconstruction after alignment
In order to quantify the performance of the different alignment strategies, we have generated 2500 tracks for each misalignment configuration, out of which the first 2000 are used for estimating the alignment parameters. Then the current alignment states are frozen, and the Figure 7 . Pull histograms of the three alignment parameters for an x-detector and for annealing schedule C. The standard deviation of the pulls is fairly close to 1 for the shift x and the rotation φ, whereas it is too large for the shift in y. remaining 500 tracks are used to estimate the track parameters. For each annealing schedule this has been done with 1000 different random misalignment configurations, resulting in a total number of 2.5 million simulated tracks, out of which 0.5 million reconstructed tracks are used for the track analysis.
Resolution of the track parameters. The resolution of the four track parameters (t x , t y , x, y)
T is summarized in table 2. Although alignment schedule C gives the best results for the estimation of the alignment parameters, schedule A is still good enough to give essentially the same track resolution as schedule C. Actually the parameter resolutions of both schedules are equivalent to the ones achieved without misaligning the detectors. The differences in track position resolution between schedules A (Kalman filter) and C (deterministic annealing filter) are less than one tenth of a micron in favour of schedule C, and there is no difference at all in direction resolution. Figure 9 . Histograms of the position resolution x after track reconstruction without initial misalignment of detectors (left) and track reconstruction after alignment with annealing schedule C (right). strategy B is about 10% worse compared to the resolution obtained without misalignment (or strategies A and C). An example of two resolution distributions of the x-coordinate is given in figure 9 . As can be seen, full track parameter resolution is achieved with schedule C. We have also checked the normalized residuals of the track parameters with respect to their true values. All mean values are compatible with 0 and all rms values are compatible with 1.
One would expect that in more complex detectors with more alignment layers the advantage of the annealing process (schedule C) is more palpable. This expectation is borne out by the results of a simulation experiment with 40 pairs of detectors instead of five, i.e. 76 alignment detectors (38 x-detectors and 38 y-detectors). The resolutions of the track parameters without misalignment and after alignment are listed in table 3. Schedule A is now clearly worse than schedule C; the resolution with the latter is as good as without misalignment. Schedule B, being not competitive, is not shown.
We have also checked the normalized residuals of the track parameters with respect to their true values. Only for schedule C the mean values are compatible with 0 and the rms values are compatible with 1.
Summary and conclusion
We have presented a method for the simultaneous estimation of alignment parameters of several detectors with respect to a set of reference detectors in parallel to track reconstruction. The reference detectors are needed in order to fix the reference frame with respect to which the other detectors are aligned. This method ('alignment with tracks') has been formulated in the Kalman filter formalism which is already known for track reconstruction. The algorithms have been verified in a simple and fully controlled simulation environment.
The method can be used with any kind of track model, provided that the magnetic field is known to sufficient precision. The introduction of a magnetic field affects the track propagation (equation (11)), but not the rest of the formalism. Our method can also be used in conjunction with track fitting methods other than the Kalman filter plus smoother, provided that predictions of the track position are computed in all detectors to be aligned. If the predictions are not the optimal ones, more tracks are needed to attain the same level of precision of the alignment.
The result is a sort of 'local' alignment, giving positions and orientations of a set of detector elements with respect to a fixed set of reference detectors. This can be considered as a small but essential step towards an application in a realistic environment, e.g., in the CMS tracker. Global alignment of the CMS tracker is of course much more complex, requiring relative alignment of detector elements which are never crossed by one and the same track. In addition, the effects of wrong hit-to-track assignment and material effects on the convergence of the alignment parameters have to be investigated. This, however, is beyond the scope of this note.
We have investigated three different alignment strategies: a plain Kalman filter (schedule A), a Kalman filter using only predictions from the reference detectors (schedule B) and a Kalman filter with annealing (schedule C). We conclude from a simulation experiment that a Kalman filter with annealing gives the best precision of the alignment parameters and the most representative associated error matrices. We have also demonstrated that in a detector with a larger number of planes to be aligned, only annealing (schedule C) gives the ultimate precision in track reconstruction. The necessary number of tracks and the annealing schedule can furthermore be tailored to the specific properties of the setup.
Appendix. Addendum to the formalism
In the case of the estimation of all six alignment parameters-three shifts and three rotationsit might be of advantage to separate explicitly the shifts s and the rotations r in the linear approximation of the measurement equation: m = f(p, s, r) + .
We recall that m is the observation vector and p is the vector of predicted track parameters in the detector under consideration. In the linear approximation m can be expressed as m = c + Hp + As + Br +
with 
